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Autonomous Hamiltonian systems

We study N degree of freedom 1 N
autonomous Hamiltonian systems of the [/ (7 p) = 5 Z P2+ V(q)
form: 2=

As an example, we consider the Hénon-Heiles system:

(T = P,
Hamilton equations of motion: < ];UI | i fi”l — 2y
L Py = Y2t —y
( 5:;1? = 0P,
Variational equations: < f)jy = oDy , 3
op, = —(1+2y)ox —2xdy
L Op, = —2woxr+ (—1+2y)oy
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Integration of the variational equations

= Px
Yy = Py
. )y = —X — 2T
We use two general-purpose numerical % A
. . . . . Py — Yy —a= —yY
integration algorithms for the integration of < S = op
the whole set of equations: 5y — 6p,
op, = —(1 4 2y)dx — 2xdy
\0p, = —2xdx + (—1+ 2y)dy

a) the DOP853 integrator (Hairer
http:/lwww.unige.ch/~hairer/software.html), which is an
Runge-Kutta integration scheme of order 8,

et al. 1993,

explicit non-symplectic

b) the TIDES integrator (Barrio 2005, http://gme.unizar.es/software/tides),

which is based on a Taylor series approximation
dy(t;) 72 d%y(t;)
-

y(t; +7) ~y(t;) + 17 + STRERTP
for the solution of system dy (1)
TR Fy(t))
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Symplectic integration schemes

If the Hamiltonian H can be split into two integrable parts as H=A+B, a
symplectic scheme for integrating the equations of motlon from time t to

time t+t consists of approximating the operator e™ H . i.e. the solution of
Hamilton equations of motion, by

e‘cLH — eT(LA"'LB) ~ I Ieci‘vLAedi‘rLB

i=1

Qi o

for appropriate values of constants ¢, d..

So the dynamics over an integration time step t is described by
a series of successive acts of Hamiltonians A and B.

We consider a particular symplectic integrator (Laskar & Robutel, 2001)

{(3-\/3—) T}L T 3t i {(3-\/37) T}L
6 A 6 A
C

“Lg AELI “Lg

SABA, = e’ e’ e’
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Tangent Map (TM) Method

We use symplectic integration schemes for the integrating the
equations of motion AND the variational equations.

The Hénon-Heiles system can be split as:

I
A= Spi+p), B =

o 1
(2° + %) + 2%y — =y°,

1
2 3

We approximate the dynamics by the act of Hamiltonians A and B, which
correspond to the symplectic maps:

( 13! = X +pa27- ( .CIZ’ -
, I
TL A . y = y+ DPyT QTLB R o=
€ ;X pfr S ) p’r — Pz — il’(zl + 23/)7_
\ Py = Dy \ Py = Py + (Y7 — 2% —y)T
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Tangent Map (TM) Method

Let U = (2, Y, Pz, Py, 02, 0Y, 0Dz, 0Py
The system of the Hamilton equations of motion and the variational equations is
split into two integrable systems which correspond to Hamiltonians A and B.

r = P i
y — Dy A( j) Y
P = —x — 22y 1 > ?
2 2 %
Py = Y~ — 27—y 5
651: — 5?);1’_ (;i;g
6y — 6]) Y 5.p Y
op, = —(1+2y)ox — 2xdy
op, = —2xow+ (—1+ 2y)dy
i 0 )
y =0
B ( ") Pe = —x— 21y
q ].)_y =y —a®—y di
dr = 0 -
oy = 0
op, = —(1 4 2y)dx — 220y
op, = —2xdx + (—1+2y)oy
H. Skokos

= Pz
= Py
=0
=0
= Op,
- 6])'!/
=0
=0

L BV u

N

du
dt

7

= eTLBV .

\

S Lavu

'
!
j
Py
ox’
oy’
op’,
) p_’y
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'4 "

T = X+ P.T
Yy o= y+ PyT
pr’ = p.
PTLAV - 4 py’ = Dy
' ") o2’ = dx+ dp.T
oy = dy+ OpyT
op,. = Op.
[ Op), = Opy
T
Y
pe —z(1 + 2y)7
Py + (yz —a? - y)’r
ox
oy

O0ps — [(1+ 2y)dx + 22dy| T
Opy + [—2x0x + (—1 4 2y)dy] T



Tangent Map (TM) Method

So any symplectic integration scheme used for solving the Hamilton
equations of motion, which involves the act of Hamiltonians A and B, can
be extended in order to integrate simultaneously the variational
equations (Skokos & Gerlach 2010, Gerlach & Skokos 2011).

r = X+ P,T
rLa )Y = Y DPT b orla
_, - e
]); — Dy
s :I:l —
y/ —
v = p;’r —
/ _
)Y =Y b orLov By, =
T B = e (14 2T e
_ 2 3 Yy =
Py = Py + (y"—2° —y)T 5;:}/ _
| op!, =

Yy

p

Y

py'
o’
oy’
Jus
| D,

pr — (1 +

Dy + (y

dx
0y

0P, —

0Py
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2y)T
—r 2

T+ PLT
Y+ pyT
]);1’-

Dy

0r + 0p, T
0y + 0p, T
0P

Py,

—y)T

(1 + 2y)d + 22dy] 7
+ [-2xdx + (-1 4+ 2y)dy] 7



Chaos detection methods

The Lyapunov exponents of a given orbit characterize the mean
exponential rate of divergence of trajectories surrounding it.

mLCE = A= limlln ”V:V(t)” A,=0 = Regular motion
=t ”W(O)” A,#0 = Chaotic motion

Following the evolution of k deviation vectors with 2<k<2N, we define
(Skokos et al., 2007) the Generalized Alignment Index (GALI) of order k :

GALIL, (t) = [W,() AW, () A e AW, (1)

Chaotic motion: GALI, (t) oc ¢ 1017920 bt hle

: ' <k <
Regular motion on an constant if 2<k<s

s-dimensional torus with sSN : GALI, (t)oc<— if s<k<2N-s

if 2N-s<k <2N
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N particles Fermi-Pasta-Ulam (FPU) system:

Application: FPU system

B

I o vl ? !
_E;pi +Z E(qi_,_l'qi) +Z(qi+1-qi)

i=0

with fixed boundary conditions, p=1.5 and N=4 - 20.

N=4. Regular motion on 2d torus. Final time t=10°.
CPU times = 9s 54 s Im 37s
™, 1=0.5 DOP853, 5=10" DOP853, 5=10"1° TIDES, §=10"° TIDES, 5=107"°
% ]
2
%ﬂ
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logyg |A H/H|

Application: FPU system

N=12. Regular motion on 6d torus. Final time t=103,

CPU times =

-12

-15

SABA,C
DOP853
TIDES

1 1

I
1 2 83 4 56 7

1091 t
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Application: FPU system

Efficiency of different algorithms

Final time t=10°.

CPU time ratio

H. Skokos

—_
0]

—_
N

(0]

0))

JAH/H[ = 107
DOP853
- TIDES

CPU time ratio

4 8 12 16 20

N
DOP853 6=10-10

TIDES =10
SABA,C 1=0.5

[AH/H|g = 107

'DOP853 .
TIDES .

l I | | I
4 8 12 16 20
N

DOP853 5=10-11
TIDES $=10-19
SABA,C 1=0.1

DPG Meeting, Dresden, 16 March 2011



Conclusions

Numerical schemes based on symplectic integrators can be
used for the efficient integration of the variational equation of

multidimensional Hamiltonian systems.
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